Abstract A functional equation for invariant-image is presented and solved to identify the largest group of image-preserving weight transformations for the rational Bézier triangles. A fundamental theorem on the invariants of Lie group actions is used to demonstrate that 1 2 (n + 1)(n + 2) − 3 real-valued, functionally-independent invariants exist for the degree n triangles. Explicit forms of the real-valued invariants are derived; and a further, discrete-valued, invariant is identified and shown to complete the set required for invariant image.
. The n − 1 functions ς i therefore determine invariant-image conditions for Bézier paths with strictly positive weights. Additionally invariants:
-occur in the computation of generic weight-vector normalisations, -can provide information about the underlying curve type [2] , -occur in the determination of optimum parametrisation with respect to a min-max condition on parametric 'speed' [3, 4] .
Invariants play similar roles for Bézier surfaces, and recent work of the author has extended Patterson's results to the rational, rectangular biquadratic and bicubic Bézier surface parametrisations with arbitrary non-zero weights [5, 6] . Bézier parametrisations have the convex hull and other special properties in the case of all positive weights, hence negative weights are often not considered. However, they may be difficult to avoid when it is required to parametrise surfaces with a small number of low-degree patches-in addition certain weight-sign changes are strongly coupled to the parametrisation of complementary regions of Bézier parametrisations [7, 8] . This paper focusses on the determination of the invariant functions and the invariantimage conditions of the rational Bézier triangles of arbitrary degree and with arbitrary non-zero weights. It is shown that 1 2 (n + 1)(n + 2) − 3 real-valued invariants, and one discrete-valued invariant determine a complete set the triangles of degree n.
The approach expresses the image-invariance conditions for the Bézier triangles in a functional equation-the solution of which determines the largest transformation group of the weights compatible with invariant image. The fundamental theorem on invariants of Lie groups is then applied to demonstrate that 1 2 (n + 1)(n + 2) − 3 functionally-independent, real-valued invariants exist for the degree-n triangles. Using methods similar to those developed for the biquadratic and bicubic Bézier functions, the explicit form of a complete set of real-valued invariants is computed and shown, when augmented by a single discrete-valued invariant, to determine a complete set.
The rational Bézier triangles in summation-free form
The parametric domain of the triangular Bézier surfaces is the triangular subset, Δ = {(t, s) :
The rational, degree-n triangular patch is defined for (t, s) ∈ Δ by:
on the vertices {v n00 , . . . , v 0n0 }, v i jk ∈ R 3 , and weights {ω n00 , . . . , ω 0n0 }, ω i jk = 0. Hence τ B may be regarded as a function-valued function on the domain V n × O n , where V n is the set of all 1 2 (n + 1)(n + 2) − 3-tuples of vectors in R 3 and O n is the set of all 1 2 (n + 1)(n + 2)-tuples of non-zero real numbers. The rational rectangular Bézier surfaces of degree (n, n) may be expressed as linear combinations of the tensor-product basis functions t ⊗ of t ⊗ s. In terms of π n (t ⊗ s) the rational degree-n Bézier triangles may be written in summation-free form as:
upper triangular, 'structure' matrix for the degree-n triangles
It will be seen later that, for the computations of this paper, it is sufficient if only the last three columns of the structure matrix are known. It is easy to show that
The explicit form of the structure matrices for the triangles of up to degree 3 are given in the appendix to the paper.
The invariant-image functional equation
The weight vectors ω, ω * ∈ O n determine the same image under τ B , for all v ∈ V n , if and only if there exists a re-parametrisation function ψ : Δ → Δ such that
The general solution of this functional equation, comprising all ψ functions and ω * vectors as functions of ω, determines the relationships between the weight vectors ω and ω * for constant geometry on any vertex set v-relation (3) may therefore be referred to as the invariant-image functional equation for the Bézier triangles. All reparametrisation functions ψ may be written as ψ = (φ, μ).
In terms of the summation-free representation, relation (3) may be expressed as:
and, as this is required to hold for all v, it may be reduced to:
4 The functional solutions
Lemma 1
The only solutions of the functional equation (4) are:
and (2) and (4), that:
from which we obtain, from (5)/(6), that
and from (4)/ (5) that
substituting for φ, from (8) Using the form of Bézier triangles in relation (1) we obtain, from functional equation (3) and the φ, μ functions of Lemma 1, that: The equivalence of re-parametrisation by the 2-variable Möbius transformations of Lemma 1 and the weight transformations defined by ω * i jk = c a j b k ω i jk has been observed previously (see [9] , for example). Proposition 1 demonstrates that these Möbius functions are the only re-parametrisation solutions of the functional equation and, consequently, that ω * i jk = c a j b k ω i jk are the only transformations of the weights that are image-preserving for the Bézier triangles.
If R * = R\{0} and R + = {x ∈ R : x > 0}, then the transformations defined by (10) determine a 3-dimensional Lie transformation group G, isomorphic to R * × R + × R + and parametrised by a, b and c, acting on the 1 2 (n + 1)(n + 2)-dimensional manifold O n . In group-theory terms Proposition 1 states that: for a given vertex set v, the weight vectors ω * and ω determine the same image under τ B if and only if they lie on the same orbit of G in O n .
A corollary of Proposition 1 is that, in general, a maximum of three weights can be transformed to unit modulus in any standardised representation of the triangles.
The Invariant functions of the degree-n triangles

The fundamental theorem on invariants
The action of a Lie group on a manifold is said to be semi-regular if all the orbits have the same dimension; as the stability subgroup of the G action on O n is trivial at each point of ω ∈ O n , it follows that the orbits are each of dimension 3 and that the action is semi-regular. A fundamental theorem on the invariants of Lie group actions (see [10] ) relates to the existence of functionally independent real-valued invariant functions on the manifold. In the case of semi-regular actions the theorem states, in essence, that:
If G is a Lie group acting semi-regularly on an k-dimensional manifold X with q-dimensional orbits, then for each point x ∈ X there exist k −q, real-valued functions ι 1 , . . . , ι k−q that are invariant and functionally-independent in some neighbourhood N x of x. Any other invariant ι, defined on N x , may be uniquely expressed as ι = F(ι 1 , . . . , ι k−q ) for some F.
As the orbits of G in O n have dimension 3, and O n has dimension 1 2 (n + 1)(n + 2) we have:
functionally-independent, real-valued functions invariant under the action of G.
The primary aim of the remainder of the paper is to show that condition (10), of Proposition 1, for invariant image is equivalent to a simple condition expressed in terms of the invariant functions of G on O n . A set of invariant functions I 1 , . . . , I Q , real-valued or otherwise, is said to be complete for the action of G on X if their values uniquely identify orbits in the following sense: x, x * ∈ X lie on the same orbit of G if and only if I 1 (x) = I 1 (x * ), . . . , I Q (x) = I Q (x * ).The fundamental theorem does not provide the means to compute forms for invariant functions postulated; this problem is addressed below, for the G action on O n , and complete sets of invariants are identified.
The invariant functions of the rational Bézier triangles
The first invariant identified below is not of the type covered by the fundamental theorem. It is discrete-valued, and shown later to be the invariant, additional to those of the fundamental theorem, required for a complete set. Further, a number of real-valued invariants may be computed from the following observation: if A is a diagonal matrix and x a column vector then x * = Ax if and only if diag(x * ) = A diag(x). It follows that the action of G (relation (10) ) is equivalent to Ω * n = c diag (1, b, . . . , b n , a, ab, . . . , ab n−1 , . . . , a n−1 b, a n )Ω n or 1 c
where I n is the n × n identity matrix, a = . As the left-hand side of (11) is a multiple of the identity, it follows that the elements of the diagonal matrix on the right-hand side are all equal. These equalities produce, following a little algebra, the where i, j, k ∈ {0, 1, 2}, with i + j +k = 2, except for (2, 0, 0), (0, 1, 1) and (0, 2, 0) . The variable ω 101 is unique to 101 , ω 002 is unique to 002 and 110 is not a function of either ω 101 or ω 002 ; the three invariants are therefore independent.
Lemma 2 The
The next result demonstrates that the i jk functions of (12) and the sign-pattern invariant sp determine a complete set of invariants for the action of G on O n . Alternative methods exist for the determination of invariants for the Bézier triangles. For example, the group G allows certain triples of components of ω to be transformed to unit modulus, the remaining components being transformed to independent invariant functions. The general context of this 'normalisation' process is described by Olver in [11] , and may be applied to the Bézier triangles to yield, for example, the 
Theorem 1 Two weight vectors
